PATTERN MA TCHING FOR PERMUT ATIONS^∗

Prosenjit Bose^1 Jonathan F. Buss^2 Anna Lubiw^3

Abstract Given a permutation T of 1 to n, and a permutation P of 1 to k, for k ≤ n, we wish to find a k-element subsequence of T whose elements are ordered according to the permutation P . For example, if P is (1,2,...,k), then we wish to find an increasing subsequence of length k in T; this special case can be done in time O(n loglogn) [CW]. We prove that the general problem is NP-complete. We give a polynomial time algorithm for the decision problem, and the corresp onding counting problem, in the case that P is separable—i.e. contains neither the subpattern (3,1,4,2) nor its reverse, the subpattern (2,4,1,3).

1. In tro duction

The pattern matching problem for permutations is the following: We are given a permutation T = (t_1,t_2,...,t_n ) of 1 to n, which we call the text, and a permutation P = (p_1,p_2,...,p_k ) of 1 to k, k ≤ n, which we call the pattern . We wish to know whether there is a length k subsequence of T, say T^′ = (t_{i1} ,t_{i2} ,...,t_{ik} ), with i_1 < i_2 < ... < i_k , such that the elements of T^′ are ordered according to the permutation P —i.e. t_{ir} < t_{is} iff p_r < p_s . If T does contain such a subsequence, we will say that T contains P , or that P matches into T.

Herb Wilf spoke at the 1992 SIAM Discrete Math meeting about counting pattern matchings of permutations. He asked whether there is an algorithm to decide the pattern matching problem for permutations that runs faster than exponential time.

This note contains one negativ e and one positive result. We show that the general decision problem is NP-complete, and the counting problem is #P-complete. (See [GJ, Section 7.3] for the notion of #P-completeness.) We give a polynomial time algorithm for the decision and counting problems in case the pattern P contains neither the pattern (3,1,4,2) nor the pattern (2,4,1,3). Such a pattern P is called separable, for reasons given in Section 3.

There has been considerable interest in counting the number of permutations T that do not contain a smaller permutation P . Knuth [K, Section 2.2.1] showed that the number of permutations of 1,...,n without the pattern (3,1,2) is equal to the n^{th} Catalan number. Lovász [L, p. 27] considered permutations without the pattern (2,1,3). Rotem [R] considered permutations without

* Work supp orted in part by NSER C. A preliminary version app eared in Algorithms and Data Structures, eds. F. Dehne, J.-R. Sac k, N. San toro, S. Whitesides, Lecture Notes in Computer Science 709, 1993, 200–209.

1 Dept. Computer Science, McGill Univ ersit y, Mon treal, Canada, H3A 2A7. jit@m uff.cs.mcgill.ca 2 Dept. Computer Science, Univ ersit y of Waterlo o, Waterlo o, Canada, N2L 3G1. jfbuss@u waterlo o.ca 3 Dept. Computer Science, Univ ersit y of Waterlo o, Waterlo o, Canada, N2L 3G1. alubiw@u waterlo o.ca

either of the patterns (2,3,1) or (3,1,2). Simion and Schmidt [SS2]go further, counting the number of permutations avoiding all the patterns in any subset of the permutations on 1,2,3.

More recently, there have been results on 4 element patterns: West [W] showed that the number of separable n-permutations is the (n − 1)^{st} Schröder number. He used a general technique of generating trees, which also allowed him to count the number of permutations that do not contain various pairs of 3- and/or 4-permutations [W2]. Further work has been done by Stank ova [S].

There has also been interest in characterizing the permutations T that do not contain a smaller permutation P in terms of how T can be sorted. Knuth [K, Section 2.2.1] showed that permutations without the pattern (2,3,1) are precisely the permutations sortable using one stack. This idea of characterizing permutations sortable via some network of queues and stacks was pursued further by Tarjan [T], Even and Itai [EI], and Pratt [P]. An analogous characterization of separable permutations will be given.

2. The NP-Completeness Result Theorem 2.1. The pattern matching problem for permutations is NP-complete. Pro of. We will reduce 3-SATISFIABILITY to this problem. Suppose we have an instance of 3-SATISFIABILITY with variables v_1,...,v_l and clauses C_1,...,C_m , where each clause C_i is the disjunction of three literals, and each literal is a variable or the negation of a variable.

We will first construct a pattern and a text with repeated elements, and later show how to eliminate the need for the repetitions. When the pattern has some element repeated, then copies of the repeated element must match to the copies of some repeated element in the text. In other words, using the notation of the introduction, we add the condition that t_{ir} = t_{is} iff p_r = p_s . For example, the pattern (1,3,1,2) matches into the text (1,3,2,6,3,4,5) (in particular, it matches to (3,6,3,4)) but does not match into the text (1,4,2,3).

The pattern P will have a substring (i.e., contiguous subsequence) P_V for the variables, and a substring P_{C i} for each of the clauses. Similarly, the text T will have a substring T_V for the variables, and a substring T_{C i} for each clause. We will join these substrings of P and of T one after another, with “guards” in-between to ensure that elements of one of the substrings of the pattern can only match to elements of the corresp onding substring of the text. The construction of these guards will be describ ed later.

Construct P_V = (1,2,...,l + 1), and T_V = (2,1,4,3,6,5,...,2l,2l − 1,2l + 1). Note that a match of P_V into T_V will force i in P_V to match with either 2i or 2i − 1 in T_V , for 1 ≤ i ≤ l. The former will corresp ond with setting the variable v_i TRUE, and the latter with setting it FALSE. Also, l + 1 in P_V must match with 2l + 1 in T_V ; these values will separate the variables from other values in the other substrings.

Consider the clause C_i containing variables v_{i1} ,v_{i2} ,v_{i3} in either positive or negated form, with i_1 < i_2 < i_3. Construct P_{C i} = (l+ i+ 1,i_1,i_2,i_3,l+ i+ 1). For j = 1,2,3, let t_j be 2i_j if variable v_{ij} 2 appears in C_i positively, and 2i_j − 1 otherwise; and let f_j be the other of the two values (i.e. f_j is 2i_j − 1 if variable v_{ij} appears in C_i positively, and 2i_j otherwise). Let b_i = 2l+ 7(i− 1)+ 1. There are seven truth assignmen ts to the variables that make the clause true; these assignmen ts corresp ond to the seven sequences s_{i,1} = (t_1,t_2,t_3), s_{i,2} = (t_1,t_2,f_3), s_{i,3} = (t_1,f_2,t_3), s_{i,4} = (t_1,f_2,f_3), s_{i,5} = (f_1,t_2,t_3), s_{i,6} = (f_1,t_2,f_3), s_{i,7} = (f_1,f_2,t_3). The text string T_{C i} comprises these seven sequences, each bracketed by a pair of equal values; i.e., T_{C i} is the sequence

(b_i + 1,s_{i,1},b_i + 1,b_i + 2,s_{i,2},b_i + 2,b_i + 3,s_{i,3},b_i + 3,...,b_i + 7,s_{i,7},b_i + 7).

For example, consider the clauses C_1 = (v_1 ∨ v_2 ∨ v_4) and C_2 = (v_2 ∨ v_3 ∨ v_5) over variables {v_1 ...,v_5}. The corresp onding patterns and text strings are

P_V = (1,2,3,4,5,6), T_V = (2,1,4,3,6,5,8,7,10,9,11), P_{C 1} = (7,1,2,4,7), T_{C 1} = (12,2,4,8,12,13,2,4,7,13,14,2,3,8,14,15,2,3,7,15, 16,1,4,8,16,17,1,4,7,17,18,1,3,8,18), P_{C 2} = (8,2,3,5,8), T_{C 2} = (19,4,6,10,19,20,4,6,9,20,21,4,5,10,21,22,4,5,9,22, 23,3,6,10,23,24,3,6,9,24,25,3,5,10,25).

In any matching of P_{C i} into T_{C i} that respects a matching of P_V into T_V , the occurrences of l+ i + 1 must match with one of the bracket pairs, and thus (i_1,i_2,i_3) must be one of the sequences s_{i,k} .

Claim 2.2. The set of clauses {C_i} is satisfiable if and only if there is a simultaneous matching of P_V into T_V and each P_{C i} into T_{C i} .

Pro of. A matching of P_V into T_V corresp onds to a truth-v alue assignmen t to the variables. By the above construction, this matching can be extended to a matching of P_{C i} into T_{C i} if and only if the corresp onding assignmen t satisfies C_i.

Two issues remain: how to put guards between the segments of P and of T to ensure that they remain separate; and how to eliminate the need for repeated elements in P and T.

We consider the guards first. Recall that m is the number of clauses and l the number of variables. Let P be the sequence (l+ m + 2,P_V ,l+ m + 2,P_{C 1} ,l+ m + 2,P_{C 2} ,l+ m + 2,...,l+ m + 2,P_{C m} ), followed by 3m + 1 copies of l + m + 2. Let T be the sequence (2l + 7m + 2,T_V ,2l + 7m + 2,T_{C 1} ,2l + 7m + 2,T_{C 2} ,2l + 7m + 2,...,T_{C m} ), followed by 3m + 1 copies of 2l + 7m + 2. Observe that any matching of P into T must match the element l + m + 2 of P to the element 2l + 7m + 2 3 of T, because there are 4m + 2 copies of l + m + 2 in P , and no value except 2l + 7m + 2 appears more than 4m + 1 times in T. Since there are the same number of occurrences of l + m + 2 in P as there are of 2l + 7m + 2 in T, they do perform as guards, ensuring that P_V matches into T_V and each P_{C i} matches into T_{C i} .

Finally, let us turn to the question of eliminating repeated elements. It is easier to describ e the construction if we allow the pattern and the text to each be a sequence of distinct numbers, not necessarily integers. Then to obtain a permutation, simply replace each element by its ordinal.

Instead of using a singleton in P_V for each variable, which must map to one of two possible values in T_V , we will use a pair in P_V which must map to one of two possible pairs in T_V . Occurrences of the variable in clauses will then be modelled as values intermediate to the corresp onding pair, thus avoiding the need to duplicate values. Construct P_V = (1,2,...,2l − 1,2l,2l + 1), and T_V = (3,4,1,2,7,8,5,6,...,4l − 1,4l,4l − 3,4l − 2,4l + 1). Observe that if P_V matches into T_V , then the pair 2i − 1,2i must match with either 4i − 1,4i or 4i − 3,4i − 2, which we will interpret as setting variable v_i TRUE or FALSE respectively.

Consider a clause C_i containing variables v_{i1} ,v_{i2} ,v_{i3} in either positive or negated form, with i_1 < i_2 < i_3. Construct P_{C i} = (2l + 2i + 1,u_{i,1},u_{i,2},u_{i,3},2l + 2i), where u_{i,j} is a number strictly between 2i_j − 1 and 2i_j , larger than all values previously chosen in that interval. For j = 1,2,3, let t̂_j be the open interval (4i_j − 1,4i_j ) if variable v_{ij} appears in C_i positively, and the interval (4i_j − 3,4i_j − 2) otherwise; and let f̂_j be the other of the two intervals. Let t_{j,1}, t_{j,2}, t_{j,3} and t_{j,4} be values in the interval t̂_j , and let f_{j,1}, f_{j,2} and f_{j,3} be values in the interval f̂_j ; all these values are to be distinct from each other and larger than all values previously chosen in their respective intervals. Let b_i = 4l + 14(i − 1) + 1.

For the seven satisfying assignmen ts of C_i we choose the seven sequences s_{i,1} = (t_{1,1},t_{2,1},t_{3,1}), s_{i,2} = (t_{1,2},t_{2,2},f_{3,1}), s_{i,3} = (t_{1,3},f_{2,1},t_{3,2}), ..., s_{i,7} = (f_{1,3},f_{2,3},t_{3,4}). The text segment T_{C i} is the sequence

(b_i + 2,s_{i,1},b_i + 1,b_i + 4,s_{i,2},b_i + 3,b_i + 6,s_{i,3},b_i + 5,...,b_i + 14,s_{i,7},b_i + 13).

In any matching of P_{C i} into T_{C i} that respects a matching of P_V into T_V , the occurrences of 2l + 2i + 1 and 2l + 2i must match with one of the bracket pairs, and thus (i_1,i_2,i_3) must be one of the sequences s_{i,k} .

Claim 2.3. The set of clauses {C_i} is satisfiable iff there is a matching of P_V into T_V and each P_{C i} into T_{C i} .

It remains to implement the guards without the use of duplicate elements. Note that the parts ofP so far, (P_V ,P_{C 1} ,...,P_{C m} ), form a permutation of1,...,2l+ 5m+ 1, and the corresp onding parts of T form a permutation of 1,...,4l+ 35m+ 1. Augment P to a permutation of 1,...,4l+ 36m+ 3 by inserting the decreasing subsequence of 2l+ 31m+ 2 values 4l+ 36m+ 3,...,2l+ 5m+ 2, using the first 4 m+ 1 values as guards—the first before P_V , the second before P_{C 1} , etc.—and putting the remaining 2l + 31m + 2 values at the end of P . Similarly, augment T to a permutation of 1,...,6l + 66m + 3 by inserting the decreasing subsequence of 2l+ 31m + 2 values 6l+ 66m + 3,...,4l+ 35m + 2, using the first m + 1 values as guards, and putting the remaining 2l + 31m + 2 values at the end of T.

If the last element of P maps to the last element of T, then, since there are an equal number of larger elements in P as in T, these large elements act as guards. If the last element of P maps to a differen t one of the large trailing elements of T, then there are insufficien tly many larger elements in T to accommodate the larger elements of P . The final possibility is that the last element of P maps to one of the smaller 4l + 35m + 1 values of T. But then the trailing 2l + 31m + 2 values of T cannot be used in the match, leaving only 4l + 36m + 2 values—not enough to match P , which has 4l + 36m + 3 elements. Corollary 2.4. Counting the number of matchings of a pattern into a text is #P-complete. Pro of. In the reduction above, the matchings of P into T are in one-to-one corresp ondence with the satisfying assignmen ts of the original formula.

3. A Go od Algorithm for Separable Perm utations

A pattern P is said to be separable if it contains neither the subpattern (3,1,4,2) nor the subpattern (2,4,1,3). We begin with a lemma that clarifies the sense of the term “separable”, and a discussion of the relationship between separable permutations and a class of graphs called P_4-free graphs. 3.1. Separable Perm utations

A separating tree for a permutation (p_1,...,p_k ) of 1,...,k is an ordered binary tree T with leaves (p_1,...,p_k ) in that order, such that for each node V, if the leaves of the subtree rooted at V are p_i,p_{i+1} ,...,p_{i+ j} , then the set of numbers {p_i,p_{i+1} ,...,p_{i+ j} } is a subrange of the range 1,...,k—i.e. is of the form {l,l + 1,...,l + j}, 1 ≤ l,l + j ≤ k. This subrange is called the range of the node V. If V is a node of the tree with left child V_L and right child V_R , then the above condition implies that either the range of V_L just precedes the range of V_R , or vice versa. In the first case V is called a positive node, and in the second case a negative node. Lemma 3.1. A pattern P = (p_1,...,p_k ) is separable iff it has a separating tree.

The separating tree need not be unique. For example, the permutation (4,5,3,1,2) has the two separating trees (((4,5),3),(1,2)) and ((4,5),(3,(1,2))). See Figure 3.1 for an example of a separating tree.

A graph-theoretic formulation of this result is well-known: From any permutation T of 1,...,n, a graph can be defined with vertices 1,...,n, and with an edge (i, j) for i < j iff i appears after j in the permutation. The graphs formed this way are permutation graphs. It is easy to see that the 5