THE FLOODLIGHT PR OBLEM^∗

Prosenjit Bose^1 Leonidas Guibas^2 Anna Lubiw^3 Mark Overmars^4 Diane Souv aine^5 Jorge Urrutia^6

Abstract Given three angles summing to 2π, given n points in the plane and a tripartition k_1 + k_2 + k_3 = n, we can tripartition the plane into three wedges of the given angles so that the i-th wedge contains k_i of the points. This new result on dissecting point sets is used to prove that lights of specified angles not exceeding π can be placed at n fixed points in the plane to illuminate the entire plane if and only if the angles sum to at least 2π. We give O(n logn) algorithms for both these problems.

1. Introduction

Illumination problems have been a source of many interesting results in computational geometry, for example in the area of Art Gallery theorems and algorithms—see [O’R], [S]. The usual scenario is that we have some target objects in two or more dimensions that are to be illuminated, and some specified sites for lights, which are assumed to shine light in every direction—i.e. with an angle of illumination of 360^∘ in the planar case. See [CRU] and [CRCU] for some recent results of this nature.

In this paper we will consider a variant of these problems in which the lights are floodlights— i.e. they are constrained to shine in some specified angles of illumination: Given n points in the plane which are to be the positions of n floodlights, and given n planar angles representing the arcs of illumination of the floodlights, decide how to assign the floodlights to the points and how to fix their rotational angles, in order to illuminate some target. A harder problem is to minimize the number of floodlights needed. We will consider two types of target: a line segment (or “stage”), and the whole plane.

At a recent workshop, Jorge Urrutia posed the version of this problem for lighting up a stage. This “Stage Light” problem seems difficult. In section 3 we give a counterexample to an intuitively plausible greedy algorithm.

* Part of this work was carried out when the authors were participan ts of the 1992 Workshop on Graph Theory and Computational Geometry at the Bellairs Researc h Institute of McGill Univ ersit y. A preliminary version app eared in the Pro ceedings of the 5th Canadian Conference on Computational Geometry , 1993.

1 Dept. Computer Science, McGill Univ., Mon treal, Canada. jit@m uff.cs.mcgill.ca 2 Computer Science Dept., Stanford Univ., Palo Alto, California, USA 94301. guibas@src.dec.com 3 Dept. Computer Science, Univ. of Waterlo o, Waterlo o, Canada, N2L 3G1. Supp orted in part by NSER C.

alubiw@u waterlo o.ca

4 Dept. Computer Science, Univ. of Utrec ht, P.O. Box 80.089, 3508 TB Utrec ht, The Netherlands. Supp orted in part by the Netherlands Organization for Scien tific Researc h (NW O). mark ov@cs.ruu.nl

5 Dept. Computer Science, Rutgers Univ., New Brunswic k, New Jersey , USA 08903. Supp orted in part by NSF Gran t CCR-91-04732. dls@cs.rutgers.edu

6 Dept. of Computer Science, Univ. of Otta wa, Otta wa, Ontario, Canada, K1N 6N5. jorge@csi.uotta wa.ca

Section 2 concerns the problem of lighting up the whole plane. In the case that all the angles are bounded by π, we give a simple necessary and sufficien t condition for lighting the plane: the given angles must sum to at least 2π. In the course ofproving this we give a result on tripartitioning the plane: Given three angles θ_1,θ_2,θ_3, with sum 2π, given n points in the plane, and a tripartition k_1+ k_2+ k_3 = n, the plane can always be partitioned into three wedgesW_1,W_2,W_3 such that W_i has angle θ_i and contains k_i of the given points. The special case where the θ_i’s are equal was proved earlier in [TN1], generalized to higher dimensions. Our tripartition result fits into a large family of results on dissections of point sets, of which the most famous is the Ham Sandwich Theorem (see [E, Chapter 4]). We give O(n logn) algorithms for tripartitioning, and for the floodlight problem. Our model of computation is the real RAM (see [PS]). Other Work

Tokuyama and Nakano [TN1] proved the special case of the tripartitioning result when the three given angles are equal. Their interest was in solving the minimum weight one-to-many matching problem in a complete bipartite graph. They showed that this problem is equivalent to the tripartitioning problem in dimension t, with t equal cones. Such equal cones arise from the faces ofa regular simplex centered about the origin. Tokuyama and Nakano proved that tripartitioning is always possible in this case, and gave an efficien t randomized algorithm. In [TN2] they generalized to weighted points.

A number of results have been obtained since our initial work. Czyzowicz, Rivera-Campo, and Urrutia [CRCU2] gave a nice and efficien t algorithm for a variant of the Stage Light problem in which one may choose the angles of the lights—again placing the lights at fixed points to illuminate a line segment—with the goal of minimizing the total sum of the angles used. Steiger and Streinu [SS] have given a linear time algorithm for the tripartitioning problem, and a lower bound of Ω( n logn) for the floodlight problem, in the case where no angle is greater than π. They have also shown that the general floodlight problem—with angles possibly greater than π—is in NP. Rote [R]has devised an alternate proofofour floodlight theorem which he can generalize to 3 dimensions in the case that the cones of the lights arise from a polytope enclosing the origin, where each cone is determined by the origin as apex, and by one facet of the polytope. He has a counterexample to a more general 3-dimensional result.

A related result in d dimensions is due to Pach and Rogers [PR]: for any polytope P in d dimensions, the dual cones to the solid angles of the convex hull vertices cover the whole space. Each vertex v of P has a solid angle that can be extended to a full cone C_v; the dual cone of C_v consists of all rays starting at v that determine acute angles with every ray belonging to C_v. Definitions

A wedge is the closed area of the plane bounded by two rays emanating from a common point. Its opposite wedge is the wedge of the same angle formed by rotating each of the bounding rays by 2

180^∘. If the angle of a wedge is greater than π, then the wedge and its opposite wedge intersect in a region of positive area.

A floodlight illuminates a wedge in the plane. When we speak of partitioning the plane into wedges we allow points of the plane to lie in the common boundary of more than one wedge.

2. IlluminatingthePlane

In this section we will give a simple necessary and sufficien t condition for placing n small lights at n points to illuminate the whole plane. By a “small” light we mean one that shines light in a wedge of no more than π radians. In this problem the n points are specified, and the angles of the n lights are specified. We have the freedom to assign the lights to the points, and then to rotate each light about its point.

Theorem 2.1. Given n points in the plane, and n angles α_1,...,α_n , where each α_i is at most π, lights of the given angles can be placed at the given points to illuminate the whole plane if and only if ∑_n i=1 α_i ≥ 2π. Furthermore, in case the angles do add up to at least 2π, there is an O(n logn) time algorithm to place the lights at the points to illuminate the plane.

The proof of the theorem will show that we can choose the cyclic sequence of the α_i’s as they appear from a “circle at infinity”. To make this precise, suppose that lights of the given angles have been placed at the points to illuminate the whole plane. Consider a circle containing all the given points, and containing any intersection point of two of the bounding rays of the positioned lights. Each light illuminates some arc of this circle, and the lights can be cyclically sequenced, α_{i1} ,α_{i2} ,...α_{in} , by the clockwise order of the first endpoint of the corresponding arcs on the circle. (The choice of i_1 as the first index is arbitrary .) This cyclic sequence is independent of the choice of the circle. It is in this sense that placing the lights at the points determines a cyclic sequence of the lights. The proof of the theorem will show that any cyclic sequence of lights can be realized.

Theorem 2.1 is not true in general if one of the given angles is greater than π: for example the three angles 330^∘,15^∘,15^∘, and the three points of an equilateral triangle cannot be used to illuminate the plane.

The optimization version of the problem—to minimize the number of floodlights required to illuminate the plane—can be solved in the case where all the angles are bounded by π: simply discard as many small angles as possible while maintaining a sum of at least 2π.

Our proof of Theorem 2.1 will provide an efficien t algorithm to place the lights. We will divide the plane up into wedges, and light the wedges separately. The following lemma gives a sufficien t condition for lighting a wedge.

Lemma 2.2. Let W be a wedge of angle θ ≤ π, let P be a set of k ≥ 1 points in the opposite wedge, and let α_1,...,α_k be angles with ∑ α_i ≥ θ. Then lights of the given angles can be placed at 3 the given points to illuminate the whole wedge W. Furthermore, there is an algorithm to position the lights that runs in time O(klogk).

The condition given in the lemma is sufficien t for lighting a wedge, but not necessary. The lemma is not true in general for θ > π: for k = 1, a point in the interior of the wedge and its opposite wedge cannot be used to illuminate the whole wedge.

Pro of of Lemma 2.2. Suppose that W consists of the rays r and s, emanating from the point x, together with the counter-clockwise angle θ from r to s. See Figure 2.1.